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Damping Perturbation Method for Flutter Solution:
The g-Method

P. C. Chen*
Zona Technology, Inc., Scottsdale, Arizona 85251

By utilizing a damping perturbation method, the present g-method includes a first-order damping term in the
flutter equation that is rigorously derived from the Laplace-domain aerodynamics. The g-method generalizes the
K-method and the P-K method for reliable damping prediction. It is valid in the entire reduced frequency domain
and up to the first order of damping. The g-method utilizes a reduced-frequency sweep technique to search for
the roots of the flutter solution and a predictor-corrector scheme to ensure the robustness of the sweep technique.
The solution algorithm of the g-method is proven to be efficient and robust and can obtain an unlimited number
of aerodynamic lag roots, as demonstrated by the results of the selected test cases.

Introduction
INCE its applicability for flutter analysis was first demonstrated
by Irwin and Guyett! in 1965, the P-K method has been widely
adopted by aeroelasticians as the primary tool for finding flutter
solutions. Hassig? has given a detailed descriptionof the superiority
of the P-K method over the K-method. In Ref. 2, the equation of
the P-K method reads

[(V2/L)Mp* + K = LpV>Q(ik)]ig) = 0 8]

where V is the true speed, L is the reference length, and, usually,
L =c/2

where c is the referencechord, p is the air density, q is the generalized
coordinates,and M, K, and Q(ik) are the generalized mass, stiffness,
and aerodynamic forces matrices, respectively.

For simplicity, Eq. (1) excludes the structural modal damping
matrix,butitcanbe easilyincluded. p is thenondimensionalLaplace
parameter and can be expressed as

p=g+tik ?2)

where k is the reduced frequency,
k=woL/V

o is the oscillatory frequency, g = vk, and y is the transient decay
rate coefficient.

The P-K method is an approximation of the P-method that re-
quires the generalized aerodynamic force computed in the Laplace
domain, i.e., @(p). Because most of the unsteady aerodynamic
methods®~¢ used by the aerospace industry are formulated in the
frequency domain, i.e., the k-domain, the P-K method can directly
adopt Q(ik) from these unsteady aerodynamic methods for flutter
calculation.

Rodden’ modified Hassig’s P-K method equation by adding
an aerodynamic damping matrix into Eq. (1). The modified P-K
method equation reads

[(V2ILYMP® + K - $pV2(Q' 1 k)p — 1pV?Q*]ig} =0 (3)
where QF and Q' are the real part and imaginary part of Q(ik), i.e.,
Q(ik) = Q" +iQ’ @)
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By substituting p = g + ik into the thirdterm of Eq. (3), thisequation
can be rewritten as

[(VZ/LMp* + K = 1pV*(Q' 1 k)g = $pVQ(il)]{g) =0 (5)

By comparing Eq. (5) to Eq. (1), it is clearly seen that the extra
term

-1pV*(Q'/k)g

is the added aerodynamic damping matrix. Equation (3) is solved at
several given valuesof V and p, for complex roots p associated with
modes of interest. This is accomplished by an iterative procedure
that matches the reduced frequency & to the imaginary part of p for
every structuralmode. This iterative procedureis called the reduced
frequency “lining-up” process.?

In the followingsection, we will show that the added aerodynamic
damping matrix in Eq. (3) is valid only at small k or for linearly vary-
ing Q(ik). The present g-method provides an aerodynamic damping
matrix that is valid in the complete k-domain and includes Eq. (3)
as a special case.

Formulation of the g-Method

The basic premise of the g-methodliesin the assumedexistenceof
an analytic functionof @Q(p) =Q(g + ik) in the domain of g >0 and
g < 0. This premise is based on the fact that the Laplace transform
of the time domain unsteady aerodynamicsfor divergent(g > 0) and
constant amplitude motions (g =0) is analytic. Because of analytic
continuation,Q(p) is also analytic for decay motions (g < 0).° Thus,
Q(p) can be expanded along the imaginary axis, (i.e., g =0), for
small g by means of a damping perturbation method:

200(p) ©)
g

, for
g=0

0(p) = Q(ik) + g———

<l
) 8

The term

200(p)
08

g=0
in Eq. (6) is not available from the k-domain unsteady aerodynamic

methods. However, if Q(p) is analytic, it must satisfy the Cauchy-
Riemann equations such that

o[Re Q(p)]  ollmQ(p)] o
og - ok

AlmQ(p)] _  d[ReQ(p)] ®)
og - ok

Combining Egs. (7) and (8) yields the following general condition:

200) _ 20

og  o(ik) ®
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Equation (9) is valid in the complete p-domain except along the
negativereal axis where discontinuitydue to abranch cutin subsonic
flow occurs. Thus, the term

29(p)
0g £=0
can be replaced by
2Q(p) 29(p) dQ(ik) L
=1 = = = k 10
08 |,_, oGk |, dGk) Lzo Qb (10

Because Q(ik) can be provided by the k-domain unsteady aero-
dynamic methods, Q'(ik) can be computed from Q(ik) by a central
differencing scheme, exceptat k =0. At k =0, a forward differenc-
ing scheme is employed to accommodate the discontinuity of Q(p)
along the negativereal axis. Substituting Eq. (10) into Eq. (6) yields
the approximated p-domain solution of Q(p) in terms of k and for
small g:

Q(p) = Q(ik) + gQ'(ik) an

Replacing Q(ik) in Eq. (1) by Q(p) of Eq. (11) yields the g-method
equation:

[(V2/LHMp* + K — LpV2Q(ik)g — LpV?Q(ik) |{g} =0 (12)

At g =0, both the g-method and the P-K method reduce to
the same form. This indicates that both methods will provide the
same flutter boundary for zero damping. For nonzero g, comparing
Eq. (12) to Eq. (5), it can be seen that the difference between the
P-K method equation and the g-method equation lies in the terms
Q'/kinEq. (5) and Q'(ik)in Eq. (12). In fact, Q' / k is a special case
of @' (ik). This can be shown as follows.

Expanding Q(ik) about ik =0 by Taylor’s expansion gives

Q(ik) = Q(0) + ikQ'(0) + 5(ik)*Q"(0) + -~ (13)

Because all Q" (0) are real, Q(ik) can be split into the real and imag-
inary parts. It reads

Q(ik) = Q" +iQ' (14)

where
0" =Q(0) - 3K°Q"(0) + - -- (15)
Q' =kQ'(0) = $£°Q"(0) + -+ (16)

Dividing Eq. (16) by k gives the term @'/ k in Eq. (5) as
Q'1k=0'(0) - ¢kQ"(0) +--- a7

Differentiating Eq. (13) with respectto ik gives the term Q' (ik) in
Eq. (12) as

Q'(ik) = @'(0) + ikQ"(0) + - -~ (18)

Comparison of Eq. (17) with Eq. (18) shows that the equality of
Q' k and Q'(ik) exists only if Q(ik) is a linear function of k or at
k =0. This proves that the added aerodynamic damping matrix in
Eq. (5) is valid only if one of these conditionsis satisfied. In fact, if
Q(ik) is highly nonlinear, the P-K method may produce unrealistic
roots because of the error from the differences between Egs. (17)
and (18).

Solution Algorithm of the g-Method

Substituting p = g + ik into Eq. (12) yields a second-orderlinear
systemin terms of g:

[¢’A +¢gB +Cl{g} =0 (19)

where
A =(VIL’M
B =2ik(V/L)’M — $pV?Q'(ik) + (V/L)Z
C =—-k*(VIL’M + K — 1pV?>Q(ik) + ik(V/L)Z

Here, Eq. (19) is formally called the g-method equation. For com-
pleteness,in Eq. (19), we have included a modal structural damping
matrix Z. The solutions of Eq. (19) exist when Im(g) =0. To search
for this condition, we first rewrite Eq. (19) in a state-space form:

[D-gIliX} =0 (20)

0 1
D -1 -1
-A"C -A"'B

and {X} is the right eigenvector of the state space equation.

Next, a reduced-frequency-sweep technique is introduced. This
technique searches for the condition Im(g) =0 and solves for the
eigenvalues of D in term of g; starting from k =0, incrementally
increasing k by Ak, and ending at k. (ky. is the highest value
in the reduced frequency list of the unsteady aerodynamic compu-
tations). The reduced frequency-sweep technique searches for the
sign change of the imaginary part of the eigenvaluesbetween k and
|k + Ak|. If this occurs, the condition of Im(g) =0 can be obtained
by a linear interpolation in k for the appropriate frequency range.
Then the flutter frequency @, and damping 2y are computed by

where

w; =k(V/L) 1)
2y =2[Re(g)/ k] (22)
For k =0, an alternative form of Eq. (22) is used®:

_ Re(g)(L/V)
D))

One of the issues in performing the reduced frequency-sweep tech-
nique is the eigenvalue tracking from k to |k + Ak|. To monitor the
sign change of eigenvalues, it is required that the eigenvalues are
lined up at each k and |k + Ak|. Using the regular sorting scheme
by comparing the differencesof the eigenvaluesat |k + Ak| to those
at k is certainly not robust and requires small Ak values that may
be costly. This eigenvalue tracking issue can be resolved by means
of a predictor-correctorscheme.

2y (23)

Predictor-Corrector Scheme for Eigenvalue Tracking

The predictor predicts the eigenvalues at |k + Ak| by a linear
extrapolation from the eigenvalues and their derivatives at k:

dg

dk @4

gplk + Ak) = g(k) + AK

where g, is defined as the predicted eigenvalue. dg/dk can be ob-
tained by using the orthogonality property of the left and righteigen-
vectors of Eq. (20). This leads to

d dD
E_(vvEx) /yvx (25)
dk dk

where Y and X are the left and right eigenvectors of Eq. (20), re-

spectively,and
aD 0 0 }
— = _,dc _,dB (26)
A — A —
dk |: dk dk
Once g, is given by the predictor, g, is used as the baseline eigen-
values for sorting the computed eigenvalues at |k + Ak|, defined

as g.. The maximum norm of the error between g, and g. for
all eigenvalues is also computed. If it exceeds a certain level, the



predictor could potentially introduce incorrect eigenvalue tracking
resultsdue to rapid changesof the eigenvalues with respectto k in the
reduced-frequency-sweep process. In this case, the correctoris ac-
tivated.

The correctorreduces the size of Ak by a factor, for instance 100,
andrecomputes g, and g, at (k + Ak/100) as well as the maximum
norm of the error. This process repeats until the maximum norm of
the error is below a certain level. However, numerical experience
shows that when the correctoris activated, this condition can be sat-
isfied by reducing the size of Ak only once. Therefore, the corrector
normally would not increase the computational time significantly.
It serves only as a fail-safe scheme.

At k =k, dg/dk is also used to search for the condition
Im(g) =0 at k > k,c by a linear extrapolation. Thus, the reduced-
frequency sweep technique offers a scheme that could find all real
roots of Eq. (19) in the complete reduced frequency domain.

At this point, the issue of the number of real roots that could exist
in Eq. (19) is discussed. For n structural modes, the P-K method
and K-method normally provide only n roots of the flutter equation.
However, as indicated by Ref. 10, the number of roots could exceed
the number of the structural modes if the aerodynamiclag roots ap-
pear. For instance,if the exact Theodorsen functionis used, the num-
berofaerodynamiclag rootsthat would appearis infinite. As one can
see, unlike the P-K and K-methods, the reduced-frequency sweep
technique employed by the present g-method potentially gives an
unlimited number of roots. The inclusion of all activated aerody-
namic lag roots could provide important physical insight of the
flutter solution

Test Cases and Discussion

The test cases for validating the present g-method are selected
from those of the User’s Guide of MSC/NASTRAN Aeroelastic
Analysis.!! The generalized aerodynamic forces, mass matrices,
and natural frequencies are obtained from MSC/NASTRAN by the
Direct Matrix Abstraction Program alter statements. Thus, the dif-
ference between the results computed by the P-K method and the
g-method is mainly because of the differencesin their basic formu-
lation and solution algorithms of these methods.

The 15-Deg Sweptback Wing at M = 0.45

This test case is denoted as HA145E in Ref. 11, but with some
modifications to produce the P-K method solutions. Four struc-
tural modes are used for flutter analysis. The imaginary parts of
the 4 X4 generalized aerodynamic forces matrix (denoted as Qij)
vs k are presented in Fig. 1. Because Im(Qij) are all nearly linear,
that gives a close equality of Egs. (17) and (18), the agreement be-
tween the damping computed by the P-K method and the g-method
is expected. Figure 2 shows the damping vs velocity diagram (v-g
diagram) and the flutter frequency vs velocity diagram (v-f di-
agram) computed by both methods. Good agreement in terms of
the overall v-g and v- f comparisons between these methods is ob-
tained, except the g-method predicts one extra aerodynamiclag root
(representedby the crosses in Fig. 2). This acrodynamiclag root ap-
pearsat V =595 ft/s with stable damping but its frequency remains
zero. Because the number of roots computed by the P-K method
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Im(Qij)

-0.0014

-0.002
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Fig. 1 Generalized aerodynamic forces vs reduced frequency of the
15-deg sweptback wing at M =0.45; four modes.
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Fig.2 v-g and v-f diagrams of the 15-deg sweptback wing at M =0.45.

is restricted to be the same as the number of the structural modes,
at V =595 ft/s, the P-K method’s reduced frequency “lining-up”
process skips the bending mode and obtains the aerodynamic lag
root. This creates a discontinuity of the damping associated with
the bending mode in the v-g diagram (represented by the opened
triangles). By contrast, the g-method gives a continuous damping
curve of the bending mode (represented by the solid triangles) and
a discontinuity in the damping curve of the aerodynamic lag root
(the crosses) at V =595 ft/s.

To investigate how the g-method obtains the aerodynamic lag
root, the search history in terms of eigenvalues vs k for the reduced
frequency-sweep technique is presented in Fig. 3 for V =500 ft/s
and Fig. 4 for V =650 ft/s. Because there are four structural modes,
the state space form of Eq. (20) provides eight eigenvalues. At
V =500 ft/s, the imaginary parts (Im(g)) of these eight eigenval-
ues provide four zero crossings (marked by the opened circles in
Fig. 3a). These four zero crossings represent the four roots of the
four structural modes. It is noted that the zero crossing of the first
eigenvalue is obtained by extrapolation from the eigenvalue and its
derivativeat k =k,,,. At V =650 ft/s Im(g) of the sixth eigenvalue
becomes zero at k =0, which corresponds to the occurrence of the
aerodynamiclag root. This can be seen clearly in the expanded view
of Im(g) at small k (at the upper-right-handcorner of Fig. 4a). The
real part of this eigenvalue [Re(g)] at k =0 has a negative value
(Fig. 4b) that indicates this acrodynamiclag root is stable; however,
the expanded view shows a potential coupling between the aero-
dynamic lag root and the fifth eigenvalue since the zero crossing
of the fifth eigenvalue already occurs at small k. This indicates an
instability may appear at a higher velocity.

Furthermore, in Figs. 3 and 4, by extrapolating Im(g) to the neg-
ative frequency side, the condition of Im(g) =0 of other eigenval-
ues seems to exist. This suggests that at each given velocity, there
exist two real roots corresponding to each of the structural mode
[(Eq. 19)]. If all these roots were included in the v-g and v- f dia-
grams (Fig. 2), the aerodynamiclag roots below V =595 ft/s would
resultin nonzero dampings and associate with negative frequencies.
In this case, the corresponding damping curve (g-aero lag 1) in the
v-g diagram would be a smooth one. However, its verification is pro-
hibited by the generation of unsteady aerodynamicsin the negative
frequency domain, a problem that is physically meaningless.

BAH Wing at M =0.0 with 10 Modes
This test case is denoted as HA145b in Ref. 11. Ten structural
modes are used for flutter analysis, but only the results of the first
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Fig. 3 Search history of the reduced-frequency-sweep technique at
V =500 ft/s.
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Fig. 4 Search history of the reduced-frequency-sweep technique at
V =650 ft/s.
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Fig.5 v-g andv-f diagrams of the BAH wing: M =0.0, 10 modes.

bending and torsion modes are presented in the v-g and v- f dia-
grams shownin Fig. 5. Two types of instability are predicted by both
the P-K method and the g-method: a flutter speed at V =1056 ft/s
and a divergencespeedat V = 1651 ft/s. This agreementis expected
because at g =0 the flutter equation of both methods reduce to the
same form. Three aerodynamic lag roots are obtained by the g-
method and their frequencies are all zero throughout the velocity
range of interest. Both of the first and second aerodynamiclag roots
appear at the same speed (V' = 1400 ft/s). Following this speed, the
second aerodynamic lag root forms a super-stable mode. At this
speed, the damping of the first aerodynamic lag root jumps sud-
denly from zero to —0.1, then gradually crosses the zero-damping
axis, forming a divergence type of instability at V =1651 ft/s. At
this divergence speed, the third aerodynamic lag root appears and
suddenly jumps to a high value of unstable damping (Fig. 5a). This
is an interesting phenomenon because it indicates that this diver-
gencespeed could be abifurcationpoint. Determiningthe third aero-
dynamic lag root is bifurcated from the first aerodynamic lag root
or originates on its own needs further investigation.

Similarly to the first test case, the damping curve of the bending
mode computed by the P-K method has a discontinuity whereas that
of the g-method remains a smooth curve. The damping curve of the
torsionmode computed by both methods are in excellentagreement.
The frequency curves of the two structural modes computed by both
methods also in good agreement except for the absence of the three
aerodynamic lag roots of the P-K method.

Two-Degree-of-Freedom Airfoil at M =0.0

This test case is adopted from Ref. 10 and is derived from the
case denoted as HA145A in Ref. 11, but with the fuselage grid point
being constrained. The center of gravity is located at 37% chord.
Figure 6 presents the variations of the 2 X2 Qij vs k. In this case,
Fig. 6 shows that the imaginary parts of Qij is not linear. Therefore,
some difference in flutter results between the P-K method and the
g-method is expected. First, for clarity, the v-g diagram computed
by the g-method alone is presented in Fig. 7. Two aerodynamic
lag roots are found. Again, it seems that the second aerodynamic
lag root is bifurcated from the first one at V =210 ft/s where a
divergence instability occurs. The comparison of the damping and
flutter frequencies between the P-K method and the g-method is
shown in Fig. 8. However, for clarity, the second aerodynamic lag
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Fig.6 Generalized forces of two-degree-of-freedom airfoil: c.g. at 37%
chord (HA145A1), M =0.0, two modes.
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Fig. 7 Two-degree-of-freedom airfoil: c.g. at 37% chord (HA145A1),
M =0.0, two modes.
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Fig. 8 Damping and frequency vs velocity of two-degree-of-freedom
airfoil: c.g. at 37% chord (HA145A1), M = 0.0, two modes.

root is not repeatedly shown. In Fig. 8, the results computed by
the transient method!? are also presented. The transient method is
based on a time-domain unsteady aerodynamic method; therefore,
it can be consideredas a p-method. All of the three methods predict
the same instabilities: a divergence instability at V =210 ft/s and
a flutter instability at V =250 ft/s. The damping curves of the first
and second modes computed by the g-method correlate well with
those of the transient method. But, again, the P-K method gives a
discontinuous damping curve of the first mode.
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Fig. 9 Damping and frequency vs velocity of two-degree-of-freedom
airfoil: c.g. at 45% chord (HA145A2), M = 0.0, two modes.

For the case of the center of gravity moved to 45% chord, the
v-g diagram shown in Fig. 9 indicates that the flutter instabil-
ity (at V =170 ft/s) occurs before the divergence instability (at
V =225 ft/s). Again, this is well predicted by all three methods.
The frequencycurvesin the v- f diagram computed by the g-method
show a similar trend as those of the transientmethod. But the curves
of the P-K method are discontinuousat V' =100 ft/s where an aero-
dynamic lag root appears (not obtained by the transient method
but well captured by the g-method). Also, above V =100 ft/s, the
P-K method skips the second mode and obtains the aerodynamic
lag root. The disappearance of the second mode creates a switch
between the first mode and the aerodynamic lag rootin the v- f dia-
gram of the P-K method. This results a poor correlation of the v- f
curves obtained by the P-K method with the other two methods.

Three-Degree-of-Freedom Airfoil at M =0.0

This test case is denoted as HA145A in Ref. 11. A fuselage free-
free plunge mode is added in the two-degree-of-freedomcase. The
v-g and v-f diagrams for the case of the center of gravity located
at 37% chord are shown in Fig. 10 and those for 45% chord are in
Fig. 11. For both cases, the so-called “dynamic divergence™? oc-
curs and its speeds and frequencies are well predicted by all three
methods: the P-K method, the g-method, and the transient method.
Both the g-method and the transient method capture one aerody-
namic lag root (in the 45% chord case, the g-method obtains two
lag roots but one of them appear at the dynamic divergence speed
and is not discussed here). Unlike the restrained structures of all
previous test cases where the frequency of the lag roots remains
zero, the aerodynamic lag root of the present unrestrained structure
“takes off”” from the zero-frequencyaxis then couples with the bend-
ing mode. This coupling of the lag root and bending mode forms
a “dynamic divergence” instability. As indicated by Ref. 13, this
dynamic divergence has a nonzero frequency and could be defined
as a low-frequency flutter instability. On the other hand, the P-K
method generated lag root somehow refuses to “take off” from the
zero-frequency axis. This problem of the P-K method is probably
due to the fact that because Qij of the present test case is nonlinear,
the P-K method is valid only at £ =0 for nonzero damping. This
k =0 condition restricts the frequency of the lag root from being a
nonzero value and results in a poor correlation in the v-f diagram
with the other two methods.
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Fig.10 Dampingand frequency vs velocity of three-degree-of-freedom
airfoil: c.g. at 37% chord (HA145A2), M = 0.0, three modes.
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Fig.11 Dampingand frequency vs velocity of three-degree-of-freedom
airfoil: c.g. at 45% chord (HA145A2), M = 0.0, three modes.

Divergence Speed Due to Lag Root

As mentioned earlier, the inclusion of aerodynamic lag roots
could provide important physical insight of the flutter solutions.
This can be clearly seen in the BAH wing, two-degree-of-freedom
airfoil, and three-degree-of-freedom airfoil cases where both flutter
and divergence speed instabilities occur. It is well known that flut-
ter is because of the aeroelastic coupling of structural modes, but
the coupling mechanism of the divergence speed instability has not
been well understood. The results of these cases computed by the
g-method could better clarify this issue.

For the restrained structures such as those in the BAH wing and
two-degree-of-freedom airfoil cases, it seems that the divergence
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speed is a static aeroelastic instability because its associated fre-
quency is zero. However, the results of the g-method suggest that
the divergence speed is caused by the coupling of a structuralmode
and an aerodynamic lag root, and should be considered as a special
case of flutter instability. The zero flutter frequency of the diver-
gence speed is caused by the zero-frequency aerodynamic lag root
associated with the restrained structure.

For the unrestrained structures like those in the three-degree-of-
freedomcase, the so-called “dynamic divergence,”is again a special
case of flutter instability caused by the coupling of the aerodynamic
lag root and structural modes but with nonzero frequency. This is
supported by the g-method results shown in Figs. 10 and 11, where
the frequencycoalescenceof the bendingmode and the aerodynamic
lag root is clearly seen. On the other hand, such an interpretation
could hardly be supported by the P-K method results because of
its incapacity of generating the nonzero-frequencyaerodynamiclag
root.

Conclusions

It is generally believed that the K-method is valid only at the
g =0 condition. The present work also proves that the P-K method
is valid when one of the following conditionspertains: (1) g =0, (2)
k=0, or (3) d"Q/dk" =0, where n > 1. The g-method generalizes
the K-method and the P-K method. It is valid for all £ and up to the
first order of g. This first-orderterm of g is rigorously derived from
Q(p) by a damping perturbation method.

The present work also provides a theoretical foundation for the
g-method that can be used to estimate the error of large damping
(beyond the first order assumption) because of the truncation of
the higher order terms of g. However, based on the formulation of
the g-method, adding higher order terms in g seems to be straight-
forward.
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